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A number of axporiimenial methods have been devised Lo determin.

optical constants, the index of refraction, n. and thz extiinction coefiicient,
k, by means of measuremenis of reflectance only, without recourse to polari-
metric apalysis invelving phase diiferences. Of the nine reflection methods
listed by Humphrey s-»C}weL{ ) , only one is useful in all wavelsngth regions,
ginee zli oithers makes some use ¢ polarized incident radiation, which is some-
times not availabie, for exampls, 1 e 2zZireme piraviciet.  [his one method
makes use of incident radiscion which is unpolarized wnd is ihus fairly easy ic
obtain. In this R vs & method, che refleciance. R, is measured for two,

or more, argles of incidence, 9, and the generalized Fresnel rveflection

equations, connecting B with o, k and © are solvedfor n and k.

axtrome ulivaviolel, the
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popvrinni 16 know the limitations of the method and how it is aficeind Ly

N

ex:rimental errors. A briefl discussion of errors was given by Bumphreys-
Cwen aud by Collins and Bock (3}; however, no systematic study of the errors
invceived has been published. probably because this cannot be done analytically.
and it is necessary to resort to sumerical computation. The use of high speed
digital computera has reduced the time required for such computations by orders
of magnitude and meade possible the present study of the sensitivity of, and the
effeci of errors on the R va & msthod., Although undertaken in conneclion
with an investigation of the aptical properiies of materials in the extreme ulira-
violet, the study was breadened to include the reflectances Rs and Rp for
incident radiation pelarized with the eleciric vector perpendicular, and parallel,
respectively, to the plane of incidence.
CENERAL DISCUSSIGH OF THE R vs & METHOD

The method io boced on the premize that any R vg & curve. in the
absence of interference 2izects, iz uniguely determined by ihe pair of constants

e and k which are related io the refleciznce by the generalized Fresnel

reflection equations:

. 2 2
R = [{a -cos @}2 +b97 / [{a + cos ¢) +b2}

[0

. 2 2 . 2 2
R =R -[‘a-sind tandy +b° 1/ {fa+sing tan @) +Db71
0 g~ U } ! ,
R, =g @ {1+pp+8 (1~o)
where
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and p is the polarization. Since these equations cannot be solved explicitly

for n and k, various mezns have been devised to obtain the solutioni‘l' 5

r” Ly
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‘. however, all are essentially the same since they represent

r~ 0
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simultaneous solutions of the Fresnel equations and involve a graphical
procedure. Hence, the results presented in this paper apply to all of iaese
methods.

One manner in which the method is vsed is shown in Fig. 1. The cur;res
on the left side of the figure, show R as a function of n for constant values
of k, for a particular angle of incidence, in this case 20°= Suppose that
{he measured value of R for 20° is 30%, shown by the heavy horizontal
lire. This value of R c¢orreaponds to many paire of n and k, which when
plotted in the n-k plane on the right side of the ligure, give the isorefleclance
curve for 2003 shown by the heavy line labelled 200 . Similarly a reflectance
measurement at another angle of incidence would provide a second isoreflectance
curve, and the intersection with the first curve would be the solution for n and
k. In practice, it is best to measure the refleciance at more than two angles
of incidence, aud there is sBeldom & comman point of intersection, as ig
iilustrated ~n the right. ‘Wher such is the case the ceater of gravity, €G .,
of the fignre formed by the intersecting curves is taken as the solution.

A sepzrate 2sieulaiion should then bs porfcr:ned o verlly that the CC e
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Teen ca g s WP P N PR N VS e OB
b syoeed of Intersesiions moy e caused by ersorg in mexsoring, 2.

ion of the incident radiation, by v ags

- these effects. The net result is refleg~
tanee valyes inconsisient witk inese thai would be caloulated using the Fresael
equations. Hence the isoreflectance curves will not have a common irtersection.
THE BENSITIVITY OF THE METHCD

A measure of‘ the senaitivity of the wethod is the angle of interseciion of
izorsfiesiance curves sines thie is ths factor that Jetermines the change

in location of the Interseoiicn for z given error in the measuremsni. I the

zugle is small, 2 slight digplacement of the isoreflectance curves will oause

-

a large shili in the position of the intersection, while for an angle of Interseciion
c on® o . . . .
of 20 . the shifi is ninimized and the maximum accuracy is obiained.

The sensitivity of the method was examinad by plotting isoreflectance
curves devived from :efiectanee valves eoioulaled fvows the Fraesnel equations.
A digital compuler was programmed e traze the isoveilecionce curves with
the aid of a plotter rather than use the graphical methed lustrated in Fig, 1
and have the data suffer cwmnulative ervors iu going through the nececsary steps.
The schemse for obiaining isoreflectance curves via the computer-ploiter
combination is presevied in the appendix zlong with 2 short discussion of the

ageuracy invsivad.
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¢! Luives while the emaller nurobers along the ordinate axis show & sroent

reflectance and those along {he abscissal axis show the angle of incidenc2. In
cach square, e upper curve ie the perpendicular component, Rs . the lower
curve is the paraliel component, Rp » and the center curve is the arithmetic
Da . With ke excepticn of the lower left hand equare,
= 0.8, k= 2.3, the Rs curves arg all monotonic in character. The Ra
curves are also., except for the large valusg of n and k where a slin
minimum can be seen. Algo, for large n and k, the Ra curves are
approximately constant from rnormal incidence to fairly high angles, for
example, for n=2.3 and k=2.3, Ra iz constant from normal incidence
to approximately 650, The Rp curves ali have definite minima, and a point
of inflection located hetween minimum reflectance and normal incidence,

The iscreflectance curves for ‘zi.g are shown in Fig. 3. Eigh! angles of

& A . P . £ AL
ingidencs are showa, from 10

number 8§ inciczigs the isoreflschancse cuvve for 8& angis of incidence and
" o AC .0 . . AD .
the other curves ootur in descending order. 79 ., 63 , ete.. to 13 . The
same order gccurs iu all cases. Maximum sensitivity is cbtained for emall
n and k., otherwise tbe angles of intersection are so small that agcurate

resudile would as impossible o otaln,
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Om the ofear hand, for n= 1.8 and k= 1.3, displacemenis will cauze

layrze ervors dn n. Thus. use of the perpendicular corcponent is 2 very

insanzitive method for obtaining » and k and it will act be considers
in Fig. 4, are shown isorsflectance curves for Rp . Once again zight
angies of incidence are shows from 8a° through 10% at intervals of 10°
The §0° curve is designated by the number 8 and, where necessary. the
oiher aagles are similarly designsted by a single cdigit. The sngles of inter-

sec.ion are larger than those shown for R indicatisg that use of tne varallel

w
B

compoacul for ohiainipg n and k is gre gensitive method. The region

of lesst sensitlvity ooeurs for amall n and k > 1.3 . Hers the snglas of

intersection are still smsll snough s¢ thet appreciable errore in ¥ can be

caused by small errore in the measuremsent of reflectance, however, as n

increases, the angles of inlercection increasse causing an increass in sensitivity.
There are thres unusus! features assaciated with the z:i srveg which

will be pointed out bricfly. ¥Fivsl, the crder in which the curves cccur is not

a
,«
£

a2lweys the game 28 for ithe pergendicular component, For example, for

. . , c
nw038 and k = 0.3, there is 5 reversal of order gt approximately 30
angie of incidence. For lerger values of k the reversal still cccurs but at

smatiler angles of incidence where the curves are so cloee together that it

cannci be geen in thig figure. The eguare coervesponding ié n» 1.3 and

Iz= (.2 iz 2 gaod enample of 3 reversal al the amallier angles wheres the




the oins of inficetion in the R ve & curveabuifor n= 2.3 and (-~ 23,

the infleeiicn polut ocours beiwsen 52° and 60° while the reversai of or

. . P < S
¢ angies isss than 39 . The sacond feature is most easily seen in
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the two lower right squares, k = 9.3 and n = 2.3 aad 1.8. The rate of

e

change in angle of intersection with :ngle ¢f lucidence has a maximum at

oy

approximately 8¢° for o = 1.8 and at approximately 65° for n=2.3.
Carsful insnzeciion has shown that this 2ifect is pressnt for all n and © shown
in the figure althouph it is no! easily seen for small » because it cccurs betw
70° and 00°. The angle of incidence at which the maximum rate of change of
intersecticn angle occurs is the prineipal asgle of incidence, @, thatis, the
angle of incidence where the phace difference between Rs and Rp ia 90°.
This axgle practicclly coineides with the angle of Incidence at which minimum
reflectance accure, however, e two sugles should not be confused far as

k increames, ¢ oucurs all nples than R {min} although the sepsra-

tion for these values of n and k is never move then a few degrees. In principie;

maximum geeuracy can oe obla by using refleciance measurements around
1 & . - F Y . * b Q
this angle of incidence since the angle of iniersection could be close to 90,

however, referring to Fig. 1, it is ssen thatf RD hags & very small value {or

-
s

k< 2.2 inihe region of @, forexample, ¥ n = 2.3 and K = 0.3, Rp {3
< 1%, oo Lo inorease in scouvacy ded fe the opilmum intersection may be

otavee valuas,
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The fzel that hese curves have thras distinet Intersestions doss not oetic the

pre o ing that each veflectanee ve sagle of Lucidence curve s unigual. 2y -
mined by one pair of n and k, rather it means that the reflectance . say

70° and 82° angle of incidence, <an be the same for more than one pair of
n and k. This was the only examiple of multiple intersections found during
ihe course of this work, and the ambiguity that it introduces is dizpeliled by
the inierseciions of the iscreflectance ves for smaller angles of incidence
the’ chow which interseciicn is the forrect one,

Figure & shows isoreflsciance curves for R . The znglss of interasecticn
are smaller than for ﬁﬁ and larger than for R ~ There iz no reversgal of
order nor did any muitiple intersections sppezar, It is worth ooting that for
n> 1.3, the angles of Interaection tend o be small for angles of incidence
< 857 . Thus, if possible, it is worthwalle including refiectance meaggurements

* can be aveuralsly made, 1o increase

nay result because of the small Inter-

The isoreflectance cerves show that dhie use of ‘{ gives greatest
geneiiivity for obtaining » and k, Rs is virtually uselese and Ra gives

a2 sgnsitivily herveson the two. For B it iz generally the caee that greater
- b

gensitivity is obtalned at angles of inciderce where fhe refleciance ig changip
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fhe orincipal angle of incidence, however. for

” i PN -
x> 0.3, this angls scours ot

N e oy . .
< ungies of incidence. > &0, zc thai the general conclusion dr.v - for

Ra may be said to apply to Rp ae well provided k 18 not too small.
EFFECT OF ERRORS ON THE DEIERMINATIONOF n AND k
The eilect of errors can e determined by altering the calculated refleciance
data suitably and plotiing the isorefleciance curves corresponding to the imper-~
foct data via the computer-pictier cxanbination. If there is an error in R, the
sarefleciance curve will be ghifted 2lony lis normal by an amount depending
on the magnitude of the error and in & direction depending on iis sign. Conse-
guently, U isoreflectznce curves for both posilive and negative errors are

nlotted, an srea of inlersection, suck ae thzi shown in Fig. 6 for the 90 and

ined. A compmeis exror study for all 2ight angles of
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BITers,

I, Fig. 7 iz shown the efiet of non~parzileliam of the incident radiation;
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Sooovw only plog or minus in this cage. there are no lour-sided fige, =
averaging procedure taciily zssumes thal the emergent heam from the mons~
ciiromator is uniform. U this is not the case, farther corrections must be

maude, Fhe errors, shown by whe departure of the heavy lines from ths grid

thal is. for large n znd emall k. The p-vomponenut is alighily mors telerant

of non~paralielism than the age.

gure 8 shows the effeci of + 1% error in measuring Ra or B’s . In
this case ihe four-sided areas of interseciion filled in with black, fogether with
the lines connecting the extremities of these areas, indicate the errors to be
expected in n azd k. For u= 0.0, the error in n does not increase as
vapldiy with inereasing k 28 doss the srrov in k because the isoreflectance

curves for n = 5.5 and ¥> 1. % were zimostparailel to che X axis. as

£,

shown ir TFigs. 4 and 5, and had small tncersecidon angles, hence a small
ervor in refleciance causes a large displacement of the intersection in the
k direction. As n increzses, andfior large k, the long axis of the inter-

section figure rotates so that the error in delermining n increases while

Q
% : 3 n E Yooy 3 T men Fevermry * Sl Yo smogim o o H L PR
thet for k decrezecs. I 80 bhad bsen chosen for the large angle of incidence
1 rd - Q y g g ! - £ M 3
cather than 737, ihe ervors would have been smmaller for &, especially
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P00 and Y1 curves has exceeded 90 aud

Errors caused by a small amouni of polarization in ihe incident radiation

used in measuring

shown i Fig. Y. Because the polarization has

w

very little effect at 207 angle of incidence, and a large effect at "1‘)0, the
vegiong of interseclicn appeal ¢ be lines on the scale in this figure, ¢ hough
on the original plo! they heve four sides. The solid and dotted lines conneeting
the extremilies of the intersection fipures indicate the magnitude of errors

for + 1% and +5% polarization, respectively, Minimuwm error cccurs for

gimall n angd k and increases koth n and k increase.

ALTERNATIVE METHCOD OF 3B TAINING n AND k FRGM REFPLECTANCE

+ N e o — . o Fre ol ~F
Toe compuiel Srogramn o oolol we curves from calculated
d RI0E ;
P JOW - T ~ e e M . 3 - > -
dzia ean sig80 be usse i ohiain n and kb from zaperimenial data. There ars

two disndvantages to shis schencs, however; first, the best fli must still be
determinsd once the infersections of the iscrefleciance curves have heen
plotied, and second, corrections for polarization of the incident radiation

cannof sasily be made.
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foilowe: An erbitrary value for p i assigped, a point inthe n - 1 | ane,
dagignated by the subscript }, is chosen and for each angle of incideoce,
dasignated by the subscript i, the square of the difference betweern the
meascred and calculated reflectence is determined. These differences are
then summed over the desired angles of incidence, giving a number, M j{p) :
that is the leasi square error in fitting the experimental curve with the one
obtained from the tric of parameters n, k, and p. The computalion
proceeds from an initial point, j =0, shown in the figure by D ';0 .
Eight additional pairs of n and k. cerresponding to the eight points shown
on the perimeter of the gquare, are generated, and Mj{{p) caleuiated for each

point. The order of numbering is unimaportant. Each peint is tested {o find

the minimum {p} among the nine points, the center of the square is moved

to that point angd the procedure repeated. [he small arrows indicate a possible

nath that will bz {oliowed by the square for o sonstant value of the paramaier

el
o
be)
i
u
x
&
iy
o
3

p. 2C nvy lingeg roprescal congianl least eguare errcr contours, or
curves of constapt Nip). When finally the cauter point is the minimum. the
dats his heen fztted hy leas: squarss with the ervor M a{p} . A pew value for
p is chosen and ike entire calculation repeated. In this manner the best fit

10 the experimental curve is obtained and the final values of the parameters

give the deosived vainss for n, k. awd zlso the polarization of the radiation

zdge of the absclute

3 O L +iF
ctanoe values are used, it will
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e locianee values at 5o.ne angle of incidence.
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&7 PENDIX
The problem of tracing un isoreflectance curve in the n - k pians for

a given @ is thai of finding the locus of points correaponding io a given

reflectance, R(g). Since the Fresnel equations cannot be scived explicitly

for n and k interms of B znd @, the points of the locus must be found

cne by one by comparing the reflaciance caleulated 3t 2 particular poin.

Ric), with R{g) and chenging n and k until this difference iz less Dan

a predetermined errer. [he accuracy with whick the izsoreilectance curve

will be traced depsrds on the accuracy with which R{c) and Rig} are maicked.
if there is no s priori knowledge of n and k., the compuiation must

o~ :
=

tart 2t some arbitzary point in the n - k plane. Since iscreflaciznce surves

4
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difference hetwesn the two e equal
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This neint becomes e initial pelnt and the

ce oy Foa oY Ty s T e £y 5 3o e vyt o :
vaisd by 2 subseript . 5 genoraled




F T, vonms to dwe §3 s rens s e Fip e Eoe e s oo
always nroveads !n the seme divoction. T io conveniant to have an i

nuorosr. m, ihey runs [rom 1 dhrough 5. to keep track of thes. e
and s¢ that no manipulations are done with the subscripts j. Thus ths five
values assipned o m corrgspond Lo certaln sets of five j values.

Cnce the eleven points have been cbtalned, five operational points must
be chosen for the tracing. Their selection depends on the dirsction in which
the tracing i8 to proceed. Suppose the isoroilectance curve shown o the
rizat in Fig. 11 ig to be traced, beginuing on the n axis at position © . In
this pesition. m goss from I thyough 6. as does §, and the uspermoest

five poinic. shown by the beavy dota, are usad. Afler choosing these points,

the absolute valug of the difference between R ey and Ry, N is caleu-
}{ \sg

j 2
lated and the minimumn: and next largest N determined. When these two poinis
have been obigined, tae difference between B {0} and Rz} s caicclated for

2aon of them and o Hroer interpaiation per

ey E B Y fors & [ PPN Jws e
arveed 1o obisin the point corres-

ponding west cicsely $2 Rizi. Thie pelni hocomes the new positien for the

As the array moves along the {sorefleciznce curve, a peint will eventusliy
be reached at which the isoveflesctanze curve goos between the points m = &

sud 5, v 4 end 3). When this hanpene, the arvay center ig not ghifted




3

untll the isoreflectance curve agaie passes befween m = 4 and 5,
£} =9 and 7) when m + 2 is replaced by m + 4 and the orientaiisn is
shown in position 3, and 80 on. I the igorefieciance curve should nuvrg in
the opposite direction, a similar procedure is used when it passes bsiween
m = 1 and 2; however, when the array goes from position 1 to position 4,
m i replacedby m +6 andnot m -2, and if the curvature does not change
sign, eventually m +§ will be replaced by m + 4, ete.

fhe Naval Rezearch Laboratory program is set up so that corresponding
pairs of ® and R are entered as data. Tracing for a particular pair of @
and R ise ferminated when n or k go bayond predetermined boundaries,
at which time a new pair of @ and R are taken from storage and the next
isoreflectance curve traced.

The compuiation need not start at the ovigin but can be started at any

0-\'1

convenient point in the » ~k plane. Provisien should also be made for
moving along the K axis to find the initial point because, if the tracing is to

e resiricted (¢ & zmeall noriion of the n -k piane, the izgoreflectance curves
wey not intgrsect the n zxis. For examnle. ia Flg. 5, the sguare for
n=2.3, k= 1.3, il was necessaryto mcve aleng the k axis to find the
initial point, In this case, the initial m was m + 2, sipncz the initial position
was posiilon 2.

4 .o s N F P o i giom e d T4 n 3 " .
The greatest posstbility for exvor ocours in the linegr interpolation to

Tl Lt : Fs 7 . . S e e S o ey gs
Tlened dTnpm samernr mumiit i, o Foyte Slran mivewrertr vomin bo e 3t S daateensal o o fr bestaee oo e s
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these curves were fraced on 18.24 X 15.24 em squares with & scwoe ol

0.254/cm for both n and k. The gize of the array was 0.056 x 0, 0& em,
which meens that the array center movement was between J. 025 and 0. 035 cm.
The intersections were peint~like (o within the width of the line {raced by the

pen whick was less than 0.025 cm.
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The caleulation of opiical coustants by the reflectance method

Eeflectance v angle of incidence curves calculated using the of

ot

oA
consgtants shown by the large numbers. For example, the lower lsft

itand square shows R vs ¢ cuzves for n = 0.3 and k= 3.8

Isoreflectance curves for RS caiculated using the optical constants
shown by the largs numbars. The small nombers used for abeoirsa
2nd ordinate show the gcale Inthe un ~ k plane. and the numeral 8
Jesignates the lsoreflectance curve corvesponding io 8%, The other
curves are {nr mgies of incidence of '?'Szo, E;OGE ete., through 1&0

and ocsur in descending orderx.

Isorefleciance curvas for R calenlated using the optical constants

shewr by the large mm:bem,, The small pumbers used for abociess

2 e H [ . - - T, ]
and orc ghow the seals o ke r ~ K plane, apd the numeral §
degignates the iserefiectance curve corrasponding o 83 . The other

N N . e
737, 637, eic., through 19

and. unless shown otherwiss, ¢ocur in descepding order,

‘soreflectance curves for Ra czizuiaied using the optical coastants

zhown by the large numbers. The small nuwbers used for abscissa
wnd ordinate show the scale inthe n -k plans, and the numeral 8
-0
rrzapoading o 80 . The other

- < - a e o 5 .
mirves are for aagles of moiderse of T2, 6& . ete., throvgh 10

Jznienates the isorefiectance curve ¢

F-‘*l

oy in deagending ovaer.




7.

10.

he offset of eyprors in reflectance moasurements OB an 1ng

of lserellsctance gurves, The angles ¢f incidence are 2} PESEIE I

The effect of non~parailelism of the incident radistion on the delevinina~-
. . 0

ticn of n apd k. The angles of incidence are 20 and 70 , and the

divergence of the radiation is 4°,

The effect of + 1% error in the measurement of reflectance on the

o . o o
determipation of n and k. The anglee of incidence are 26~ and 70 .

The effect of polorizaticon of the incid adiztion nsad to measure R
the determiration of n and k. The angles of incidence are Zi}
and 70" » ibe solid lines dssignate + 1% polarization and the dotted

lines + 5% polarization.

Hlustration of 2 scheme for digital computation of n and k from

reflectsnce data,

Hlustration of a2 schzme for wraving inorvefiectance 2urves using a digiial

coreputer ~ploiter combination,
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